Abstract. Let us consider the elliptic restricted three body problem (Elliptic RTBP) for the Jupiter Sun system with eccentricity e = 0.048 and µ = 0.000953339. Let us denote by T the period of their orbits. In this paper we provide initial conditions for the position and velocity for a spacecraft such that after one period T the spacecraft comes back to the same place, with the same velocity, within an error of 4 meters for the position and 0.2 meters per second for the velocity. Taking this solution as periodic, we present numerical evidence showing that this solution is stable. In order to compare this periodic solution with the motion of celestial bodies in our solar system, we end this paper by providing an ephemeris of the spacecraft motion from
Figure 0.1. Orbit of the spacecraft in a frame that moves along the line that goes from the Sun to Jupiter. In the image, unity is the greatest distance from Jupiter to the Sun, Jupiter's aphelion.
Introduction
As explained in [2] , finding periodic solutions of the elliptic restricted three body problem is more difficult than finding periodic solutions of the circular restricted three body problem. Among the reasons we have the fact that the elliptic system is nonconservative and the fact that the period of a periodic solution in the elliptic case must be a multiple of the period of the motion of the primaries.
In this paper, rather than extending a solution to a family of solutions or trying to find several families, like it is done, for example in [1] , [2] and [3] , we just take one possible solution and try to obtain the initial conditions that make the trajectory as closed as it can possible be. We notice that even though we made the orbit come back to a position that is within a distance of just 4 meters with a difference in velocity smaller than 0.2 meter per second from its initial velocity, we could not do better after several weeks of computer work. The author is inclined to believe that near his initial conditions there are not initial conditions that make the solution mathematically periodic. This is due to the fact that his approach that started with the regular Newton's method, then with variation of the Newton's method and finally with an exhaustive search, did not seem to converge.
Preliminaries and main result
It is well known that for any positive e < 1, if θ(t) satisfies the differential equatioṅ θ = G(m 1 +m 2 )
(1−e) 3 r 3
0
(1 − e cos(θ)) 2 with θ(0) = 0 where G = 6.67408 × 10 −11 m 3 Kg −1 s −2 is the gravitational constant, then, the functions x(t) = − (1 − e)m 2 r 0 (m 1 + m 2 )(1 − e cos(θ(t))) (cos(θ(t)), sin(θ(t))) and y(t) = (1 − e)m 1 r 0 (m 1 + m 2 )(1 − e cos(θ(t))) (cos(θ(t)), sin(θ(t))) describe the motion of two bodies with masses m 1 and m 2 kilograms respectively moving under the effect of the gravity of each other. This is, these two functions x and y satisfy the system of differential equations , we have that x(0) = −µ(r 0 , 0), y(0) = (1 − µ)(r 0 , 0) and the distance between the positions x and y is given by
(1−e)r 0 1−e cos(θ(t)) . It follows that the maximum distance between the two bodies is r 0 meters and it is reached when t equals zero. Also it is known that the period T of the motion of the system equals to 2π
. A direct verification shows that if we work in the units ud, ut and um such that
then, the period of the motion is
≈ 5.856497259 ut, the gravitational constant is 1ud 3 um −1 ut −2 and, moreover, the expression for x and y reduces to
(cos(θ(t)), sin(θ(t))) and y(t) = (1 − e)(1 − µ) (1 − e cos(θ(t))) (cos(θ(t)), sin(θ(t)))
(1−e cos(θ)) 2 . We will represent by z(t) the position of a body with a mass so small that it does not affect the motion of the bodies with masses m 1 and m 2 . Typical examples for the motion described by z are asteroids and spacecraft. If z(t) moves only under the influence of the gravity of the bodies m 1 and m 2 then, using the new units, it satisfies the following equation,
The main and only result of this paper shows that if z(0) = (−0.038063861100, 0.30182501850) z(0) = (−1.6227600677, −1.5096541883) then, integrating the differential equation that defines z using the Taylor method of order 9 with working precision H = 10 −30 and step h = 0.0005856497259353531319661467 (h is the 30 digit approximation We obtain equivalent results regarding the differences between the initial and final conditions using the routine from the Software Mathematica
Treating this motion as a periodic solution, we numerically compute the eigenvalues of the monodromy matrix to be λ 1 , λ 2 , λ 3 and λ 4 , with λ 1 and λ 2 equal to 0.999998796815156697307988946 ± 0.001551624627312364108649697i and λ 3 and λ 4 equal to 0.974139767581681496571440794 ± 0.225946259107111013549883566i
We have that
and
Since we have four different eigenvalues, assuming they lie in the unit circle, we conclude that the solution is stable.
3. Immersing the solution in our solar system from February 17, 2017 to December 28, 2028
In order to move from the planar solution of the elliptic restricted three body problem presented above to an ephemeris of the solution we need to set up coordinates, then we need to choose an interval of time representing a period for Jupiter and also we need to find the right inclusion F that sends the two coordinates from the planar solution presented here to the chosen coordinate system for our solar system.
Period of Jupiter:
We have taken the period of the orbit to be 4332.82 days. For the planar ODE that we took in the previous section to solve the elliptic restricted three body problem, we have that t = 0 represents the aphelion of Jupiter. We will be assuming that Jupiter's aphelion happens on February 17, 2017 at 00:00:00.0000.
Coordinates for the Solar system : We will be using one of the solar system used by NASA and we will be using the coordinates displayed by WebHorizon using the following settings:
Notice that the information format is: date, position vector in AU, velocity vector in AU/d
Immersion of the planar coordinates in the solar system coordinates: In order to find this immersion we found the Jupiter orbital parameters that minimized the difference between the real Jupiter's ephemeris and the one obtained by assuming that it moves on a perfect ellipse. We have obtained that the best fit is obtained when Our immersion is given by F : R 2 → R 3 with
≈ 5.856497259 ut is the period of the motion in ut that we are making equal to 4332.82 days. We will be using F to transform positions to the solar system coordinates.
Verifying the selected immersion: In order to check the difference between the elliptical motion and the real Jupiter's motion we will consider the following two sequences with 4333 vectors
Where U T = 4332.82 T ≈ 739.831, and
where
) are the coordinates of Jupiter on February 17, 2017 at 00:00:00.0000,
) are the coordinates of Jupiter on February 18, 2017 at 00:00:00.0000, and so on.
A direct verification shows that the distance between the H 1 and H 2 , that is, the sequence of real number given by dp
is a collection of numbers that varies from 0.00237237 to 0.00444908 which means the the perfect ellipse in the space given by the immersion F provides an approximation that is within a distance of 0.00444908 AU for all the days from Feb 17, 2017 to Dec 28, 2028. This approximation is not bad having in mind that everyday Jupiter moves a distance between 0.007177 AU and 0.079117 AU. 
